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INTRODUCTION
The research presented in this paper is based on the mechanics of mail conveying in sorting machines as used in postal sorting centres. The general concept of these machines is illustrated in Fig. 1 . A lot of different technologies are used in such systems: automatic address scanning and recognition, coding printer, etc. For robust machine operation, the correct conveying of the letters has to be ensured, which is equivalent to sustaining a stable position of the envelopes with respect to the belts that transport them. To give an idea, the machine can handle up to 53,000 mail pieces/ hour depending on the length of the pieces processed.
The dynamics of belt transmission has been given a lot of interest and the related litterature is dense. Some of the earliest published works on the topic [1] to [3] were focused on the belt mechanics quasi-static behavior, and the belt-pulley contact friction. A reference paper about the first research on belt vibrations can be found in [4] . Progressively, an following the industry needs, the field of investigation moved to dynamics, durability, vibrations, nonlinear dynamics and stability of belt transmissions as exposed in [5] to [7] . The nonlinear phenomena often encountered in flat or poly-v belt transmissions is caused by parametric excitations due to pulley speed and torque fluctuations that introduce a pulsating tension in the belt [7] to [8] . In most of the studies, an analytical formulation is realized. Several other studies were developed using a finite element modelling [9] , or also multi-body dynamics theory [10] .
The belt dynamics has also been investigated through the topic 'dynamics of axially moving continua' which can be applied to string-like or beam-like or plate-like moving systems. In these works, most of the time only a part of the continua is considered with some boundary conditions [11] . In [12] a thorough recent review on the dynamics of axially moving continua was done, it starts from the earliest works and it details the main contributions of works published on that topic until 2014. It is suprising to see that among this very extensive litterature, no work considers the transportation of mail and the interaction with moving continua.
In the scope of this research, a simulation tool is developed, it predicts the trajectory of a letter being conveyed between two flat belts and crossing several direction switches (Fig. 2) where the envelope/belt contact surface is reduced (Figs. 4a and 5 ). 
MODEL DESCRIPTION
The proposed dynamic model is two-dimensional. The envelope, the front and back side belts are considered as vertical planes as illustrated in Fig. 3 . The belts have constant and independent velocities and can be inclined with respect to the horizontal axis. The aim is to determine the envelope position as a function of time. The dynamic equilibrium of the envelope is written at the mass centre G. The forces considered are the weight of the envelope and the friction forces of the belts onto the envelope sides. The contact surfaces have to be determined at each time step of the simulation process. The proposed method is presented in the next paragraphs.
Parameter Definition
The envelope is defined by: its height h p and width l p , its mass m p and inertia I p , the posi-tion of the plastic window if any and its size (h f * l f ), the mass centre coordinates (x G , y G ), the left bottom corner coordinates (x Op , y Op ), the initial angle with respect to the horizontal axis θ p . The belts are defined each by the coordinates of the two lower corner points and the width (Fig. 3 ). From these geometry input parameters, the angles between the belts and the horizontal axis are deduced.
When the envelope is travelling through a direction switch (Fig. 2 ) the contact surface with the front belt(s) are more complicated to determine than the contact surface with the backside belt. This is due to the front belt being divided into two neighboring belts, introducing a dis-continuity. As the envelope passes this discontinuity, five contact cases can occur as shown in Fig. 4a . These cases are implicitly taken into account with our parameter definition. A standard mail sorting machine contains several successive direction switches which can be rep-resented by the scheme in Fig. 4b . In that case, multiple front belts are considered as on the machine.
Forces Acting on the Envelope
Theoretically the front and rear belts have the same velocities. However, a small difference can exist which is estimated at around 5 %. We have made several assumptions when setting up the model: the envelope is adhering to the slowest belt (rear or front) and is sliding with respect to the fastest belt(s). To give an example: if the rear belt is slower than the two front belts (Fig. 5 ) then the envelope is subjected only to the friction forces applied by the front belts. As a consequence of these assumptions, the envelope minimum traveling velocity is equal to that of the slowest belt. The minimum contact pressure that prevents the envelope from falling freely can be estimated from Eq. (1), where S p_total is the total contact surface with the envelope paper, S f the contact surface with the plastic window, and the friction coefficients f p and f f (belt/envelope, plastic window/ envelope). If Eq. (1) is satisfied then the envelope does not fall.
The friction forces are calculated for each contact surface S i using the belt/envelope contact pressure p (supposed constant and uniform), the angles of the belts θ cj , the friction coefficients f i and the velocities of the belts (Eqs. (2) and (3)). In Eq. (4) the terms inside the parenthesis are considered only if the Eq. (1) is not satisfied.
As already mentioned, a key point is the determination of the different contact surfaces S i and their mass centres G i where the friction forces are applied. This is developed in the next paragraph.
The envelope is subjected to its proper weight and to the friction forces applied by the front and rear belts. The dynamic equilibrium of the envelope in the vertical plane can be written with:
• the sum of external forces equalling the mass of the belt times its acceleration,
• the sum of the moment of the external forces calculated at point G equalling the envelope inertia times the angular acceleration. The vector of the external forces applied to the envelope is given in Eq. (4) , where the subscript p denotes the friction forces on the envelope paper, the subscript f denotes the friction forces on the envelope plastic window. The moment of the friction forces expressed at point G is given in Eq. (5). The coordinates of each contact surface centre G i are (x Si , y Si ). Finally, the equations of motion of the envelope are given in Eq. (6) .
An Euler iterative numerical scheme is used to solve Eq. (6), as detailed in Eqs. (7) to (9) . One should note that at each time step the contact surfaces and their centre coordinates change and have to be re-calculated. Some initial conditions are considered depending on the running conditions simulated (Eq. 
Calculation of the Contact Surfaces
The contact surfaces S i are represented by polygons P i (Fig. 5) . They are the intersections between the belts and the two sides of the envelope with one side including a plastic window. All these parts are polygons that are defined by the coordinates of their four corners. The proposed method relies on getting the intersection polygons and the coordinates of their points in order to determine the contact surfaces and their mass centres (Fig. 6 ).
In literature, this problem is known as polygon clipping, often found in computer graphics [13] . In order to determine the intersection polygons, we use a polygon clipping technique from computer graphics. Many algorithms have been proposed in literature to solve this problem. For our implementation, we use the Vatti clipping algorithm [14] . This algorithm enables us to determine the intersection of arbitrarily shaped polygons in a two dimensional space. Once the intersection polygons are determined, the surface areas and mass centres are calculated using the 'polyarea' and 'centroid' functions of Matlab.
Input Data
The data defining the system are gathered in an Excel file which is read by the simulation program under the Matlab environment. An example is given in Table 1 . From these input data, the system can be represented graphically as shown in Fig. 7 .
RESULTS

Test Cases
In order to validate the model developed, some simulation test cases have been considered. They are based on real observations made on a mail sorting machine, and also on some intuition on how the envelope position will evolve under different running conditions. The test cases are presented in Fig. 8 . All tests were done for two different types of envelope: one without and one with a plastic window. The envelope is adhering to the rear belt and the rear belt is slower than the front belt, no direction switch is considered. When the inertia centre of the envelope is centred with the belts, no rotation is observed for the envelope without window (Fig. 8 (1-b) ), but a slight rotation is observed for the envelope with a window (Fig. 8 (1-d) ). This is due to the difference of friction coefficients between the paper (f p ) and the plastic (f f ) with the belt. When f f > f p , the consequence is the generation of an anticlockwise moment that initiates the envelope rotation. The influence of the envelope inertia centre position with respect to the belt is highlighted with the simulation cases 2 and 3 in Fig. 8 . A rotation is generated by the unbalance of the friction force moments. This phenomena is amplified when the envelope has a plastic window. The final positions obtained for the several test cases correspond to those that were expected and confirm the viability of the model.
The vertical position of the inertia centre y G and the rotation angle θ p are plotted versus the conveying distance in Fig. 9 . When the envelope is passing through a direction switch, there are three phases where the contact surfaces are reduced (Fig. 4a) and there is a risk of falling for the envelope if the vertical friction forces are smaller than the envelope weight, as illustrated in Fig. 9 . Several running conditions can be simulated, we only present here some results to show the capabilities of the model. The friction coefficient values were given by the sorting machine manufacturer that had made some measurements. The important point for the simulations is that the paper/ belt friction coefficient should differ from the plastic/ belt friction coefficient, so that the effect of the plastic window on the envelop trajectory can be identified.
Simulation of a Conveying
Several generic cases of mail conveying are considered (Fig. 10) . The graphical interface enables the visualization of the successive positions taken by the envelope. Some alerts have been implemented in the code so that when the envelope reaches a position which is no more realistic, the simulation is stopped. For example, if the lower point of the envelope has a negative vertical coordinate, or the rotation angle is larger than 30° then the simulation is stopped.
CONCLUSIONS
The work described in this paper deals with the simulation of the mail conveying in a postal sorting machine. It is based on an industrial demand and therefore corresponds to real issues encountered in such machines. The intention was to develop a simple simulation model in order to predict the envelope trajectory in the mail sorting machine under different operating conditions. The model developed considers simple or windowed envelopes. Some assumptions were made in order to simplify the analysis and the dynamic equilibrium. The forces considered are the envelope's weight and the friction forces applied by the front and rear belts between which the envelope is maintained. The data definition permits the simulation of machines with several direction switches. These switches happen to be the most critical situations in the conveying process. The proposed model is very flexible, as the dimensions of the envelope can be changed as well as all the other parameters describing the geometry of the conveying path. The core of the model relies on the calculation of the contact surfaces between the envelope sides and the belts for each simulation time step. This is based on the theory of polygon clipping that permits the computation of intersection surfaces. Evaluation of several test cases showed that the results obtained by simulation are consistent with real world observations and permit to explain several phenomena encountered.
